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Abstract
The nonlinear response of a compressible boundary layer to unsteady free-stream vortical fluctuations of the convected-gust type
is investigated. The amplitude of the disturbances is strong enough for nonlinear interactions to be induced within the boundary
layer. Attention is focused on the induced low-frequency streamwise-stretched components of the boundary-layer disturbances,
known as streaks or Klebanoﬀ modes, which may become unstable and break down to fully developed turbulence. The streaks are
described using the mathematical framework of the so-called boundary-region equations, i.e. the asymptotic limit of the Navier-
Stokes equations for low-frequency disturbance, developed by Leib et al. 1 and extended by Ricco & Wu 2 and Ricco et al. 3 to
linear perturbations in compressible boundary layers, and nonlinear disturbances in incompressible boundary layers, respectively.
In the present work, compressibility is taken into account through aerodynamic heating eﬀects due to the mean-flow velocity being
comparable with the speed of sound. Both velocity and thermal (temperature) streaks are generated as well as are a new mean flow
and fluctuations of higher frequencies. Nonlinearity attenuates the fluctuations of the streamwise velocity and a similar stabilizing
eﬀect is observed on the temperature.
This represents the preliminary study which is necessary to carry out the secondary instability analysis on the new unsteady com-
pressible three-dimensional flow generated by the nonlinear interactions.
© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction
Laminar-to-turbulent boundary-layer transition is believed to be strongly aﬀected by disturbances coming from
the free stream (often referred to as free-stream turbulence or FST), which are characterised by their intensity Tu,
length scales and spectra. In boundary layers with Tu > 1%, transition occurs rapidly, bypassing the so-called orderly
route to transition via Tollmien-Schlichting waves. Flow visualisations and velocity measurements provided by ex-
periments4 have shown that transition is instead preceded and driven by unsteady streamwise-elongated structures of
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alternating high and low streamwise velocity, known as streaks or Klebanoﬀ modes.
A thorough understanding and the quantitative prediction of bypass transition cannot disregard the correct character-
ization of the external flow disturbances (which excite transition) and of their crucial entrainment into the boundary
layer. The theoretical models which are currently available in the literature do not seem to be appropriate to realise this
goal because either the development of streamwise vortices is considered already present within the boundary layer
(e.g. transient growth approach5) or the naturally present FST is not taken into account (e.g. optimal disturbance the-
ory6,7). A number of investigators modelled FST as a superimposition of continuous spectra of the Orr-Sommerfeld
and Squire operators with the corresponding eigenfunctions representing the disturbances induced in the boundary
layers8, but the non-parallel eﬀects are neglected in this approach, which leads to non-physical results, as shown by
Dong & Wu9.
To take into account the interaction between the initial and free-stream disturbances and the boundary layer, a rigorous
mathematical formulation has been developed by Goldstein and co-workers. Their approach is based on the boundary
region equations10 which are a rigorous asymptotic limit of the Navier-Stokes equations for low frequency and long
wavelength perturbations. For these disturbances, the streamwise derivatives in the viscous and pressure gradient
terms can be neglected, while spanwise viscous diﬀusion is retained.
Leib et al.1 employed the linearised unsteady boundary-region equations (LUBR) to investigate the response of an
incompressible laminar boundary layer to free-stream unsteady vortical fluctuations of the convected-gust type. Leib
et al.1’s formulation was extended by Ricco & Wu2 to the compressible case. The amplitude of the upstream distor-
tion was taken to be small enough to neglect nonlinear eﬀects. The linearised unsteady boundary-region equations
were solved for a single-Fourier component and the response to an actual broadband turbulent flow was obtained by
an appropriate superimposition of the individual Fourier modes. Ricco et al.3 investigated the nonlinear evolution of
unsteady streaks driven by free-stream vortical turbulence in incompressible boundary layer. The nonlinear boundary
region equations were solved for the special case of a pair of oblique modes with the same frequency but opposite
spanwise wavenumbers. A secondary instability analysis was carried out on the induced nonlinear streaks, and it
confirmed that the streaky boundary layer may become inviscidly unstable during certain time windows of each cycle.
The linear compressible framework of Ricco & Wu2 and nonlinear incompressible of Ricco et al.3 are combined here
for the first time to take into account the eﬀects of both compressibility and nonlinearity.
2. Objectives
This paper focuses on how a compressible laminar boundary layer responds to medium-intensity free-stream vor-
tical disturbances of the convected-gust type. We investigate how these free-stream perturbations penetrate into and
amplify inside the boundary layer to form nonlinear unsteady streaks, which may become unstable and lead to the
breakdown to turbulence. The streaks generate a new unsteady compressible three-dimensional flow. The latter rep-
resents the base flow on which the secondary instability analysis will be performed.
Therefore, the work presented in this paper is a necessary preliminary study for the formulation of the secondary insta-
bility problem. The stability calculation may be exploited to correlate the characteristics of the free-stream turbulence
and the transition location, thus developing an eﬃcient physics-based method for predicting bypass transition.
3. Scaling and governing equations
An air flow with mean uniform velocity U∗∞ and constant temperature T ∗∞ passing over a semi-infinite flat plate is
considered. The symbol ∗ is used to indicate dimensional quantities. Homogeneous, statistically-stationary turbulent
vortical fluctuations of the convected-gust type are superimposed on the uniform stream U∗∞.
The general case of free-stream perturbation consisting of a full-spectrum of vortical disturbances can be analysed in
the present framework, but as a first step we consider the simplified case where the free-stream perturbation consists
of a pair of free-stream vortical modes with the same spanwise wavenumber k∗z but opposite frequency (and hence
streamwise wavenumber ±k∗x). The space coordinates are non-dimensionalised by λ∗ = 1/k∗z . The other variables are
scaled by their respective constant values in the free stream. The wall is considered adiabatic and the air is treated as
a perfect gas. The free-stream Mach number M∞ = U∗∞/c∗∞ = O(1) is defined, where c∗∞ is the sound speed.
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The free-stream vortical disturbance is expressed as
u − ˆi = u∞(x − t, y, z) = 
(
uˆ∞+ e
ikx(x−t)+ikyy + uˆ∞− e
−ikx(x−t)−ikyy
)
eikzz + c.c.,
where uˆ∞± = {uˆ∞x,±, uˆ∞y,±, uˆ∞z,±} is a real vector, with uˆ∞x,y,z,± = O(1),   1 is a measure of the turbulence level, and c.c.
indicates the complex conjugate. The characteristic Reynolds number Rλ = U∗∞λ∗/ν∗∞ is assumed to be asymptotically
large and only low-frequency components of the free-stream disturbance kx  1 are considered because these are the
ones that have been shown experimentally to penetrate the most into the boundary layer to generate streaks. Nonlinear
eﬀects are retained by assuming a turbulent Reynolds number of the flow rt = Rλ = O(1). Spanwise-diﬀusion eﬀects
become non-negligible at a downstream location x∗b = x
∗/Rλ, where the boundary layer thickness δ∗ = O(λ∗). It has
been shown in the numerical solution by Goldstein11 that the maximum value of the velocity perturbation occurs when
x = O(k−1x ). The scaling x¯ = kxx = O(1) is thus introduced, that is kx = O(R−1λ ). A scaled spanwise wavenumber is
defined as κ = kz/
√
kxRλ = O(1). At a downstream location x¯ = mathcalO(1) the flow can be divided into two regions
with a diﬀerent scale in the wall-normal direction: an inner region, characterised by a transverse dimension O(δ∗),
where the unsteady boundary-region equations apply, and an outer region of O(λ∗Rλ) height, which is influenced at
leading order by the displacement eﬀect due to the increased thickness of the boundary layer beneath. It is crucial to
solve the outer-flow dynamics to take into account the continuous forcing of the boundary layer exerted by the flow
above and, thus, to match the asymptotic expansions of the two regions.
3.1. The inner flow
The boundary-layer flow is decomposed as the sum of the Blasius boundary-layer flow and the perturbation flow
induced by the free-stream disturbance
{u, v,w, p, τ} =
{
U,V, 0,−1
2
,T
}
+ rt
⎧⎪⎪⎨⎪⎪⎩u¯,
(
2x¯kx
Rλ
) 1
2
v¯,
kx
kz
w¯,
kx
Rλ
p¯, τ¯
⎫⎪⎪⎬⎪⎪⎭ ,
where the fluctuating quantities depend on x¯, η, z, t. The similarity independent variable η = Y
√
Rλ/2x is introduced,
where Y is derived from the Dorodnitsyn-Howarth transformation12. The mean compressible laminar boundary-layer
solution is reported by Ricco & Wu2, §3.1. The perturbation solution consists of all harmonics and is expressed as a
Fourier decomposition in time and z:
q¯ =
+∞∑
m=−∞
+∞∑
n=−∞
qˆm,n(x¯, η)eimkxt+inkzz,
where q indicates any of (u, v,w, p, τ). The nonlinear unsteady boundary region (NUBR) equations for each Fourier
mode are obtained as follows:
Lm,n {u(x¯, η), τ(x¯, η), p(x¯, η)} = Nm,n(x¯, η),
where L is the linear boundary-region operator employed by Ricco & Wu2 (refer to Appendix A) and N are the
nonlinear terms, which are calculated here for the first time.
The boundary region equations are elliptic in the spanwise direction and parabolic in the streamwise direction. The
latter property gives rise to significant computational savings as the equations can be solved by marching downstream.
Appropriate initial and boundary conditions are needed to solve the boundary region problem. As the velocity com-
ponents and temperature are of small amplitude near the leading edge, the disturbance upstream can be considered
linear and the same initial conditions as Ricco & Wu2 can be adopted. The outer conditions are obtained by matching
the edge solution with the asymptotic boundary-region expansion.
3.2. The outer flow
The perturbation in the outer region is influenced at leading order by the displacement of the viscous flow under-
neath. The displacement eﬀect is due to the amplitude of the streamwise velocity becoming O(1) at a downstream
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distance x¯ = O(1) and attenuating over a transverse distance of order O(Rλ). Therefore, the appropriate scaling for the
transverse variable is y¯ = kxy = O(1), where kx = O(R−1λ ) is assumed to be valid at x¯ = O(1).
The perturbation in the outer region consists of the three-dimensional vortical disturbance convected from upstream
and of the two-dimensional disturbance induced by the displacement eﬀect. The latter depends on the relatively slow
transverse variable y¯, over which the modulations due to the displacement eﬀect occur. The former must depend on y
but also on y¯ because the forcing is influenced by the plate-induced eﬀects.
The approach adopted by Wundrow & Goldstein13 for the steady incompressible flow and generalised by Ricco et
al.3 to the unsteady case is employed in the following and extended to take into account compressibility. The solution
in the outer region is decomposed as:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
u
v
w
p
τ
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
1
0
0
−1/2
1
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
+ 
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
u¯0 + uˆ0
v¯0 + vˆ0
wˆ0
p¯0
τ¯0 + τˆ0
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
+ 2
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
uˆ1
vˆ1
wˆ1
pˆ1
τˆ1
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
,
where q¯0 = q¯0(x¯, y¯, ¯t) and qˆ0,1 = qˆ0,1(x¯, y, y¯, z, ¯t) and ¯t = kxt.
The two-dimensional terms (u¯0, v¯0, p¯0, τ¯0, ρ¯0) are taken to satisfy the linearised unsteady compressible Euler equa-
tions. In the limit y¯ → 0 the wall-normal component v¯0 must match onto the so-called transpiration velocity, i.e. the
spanwise-averaged wall-normal velocity component at the outer-edge limit of the boundary layer:
v¯0 =
kx

[
∂¯δ
∂x¯
+
∂¯δc
∂¯t
]
as y¯→ 0, ¯δ = kz
2π
∫ 2π/kz
0
∫ ∞
0
(1 − ρu) dydz, ¯δc = kz
2π
∫ 2π/kz
0
∫ ∞
0
(1 − ρ) dydz,
where ¯δ(x¯, ¯t) is the spanwise-averaged compressible boundary-layer displacement thickness, while ¯δc(x¯, ¯t) is an addi-
tional part which is not present in Ricco et al.3 and it is due to unsteady and compressible eﬀects.
Three diﬀerent external regimes are found, depending on the flow being subsonic, transonic or supersonic: in the sub-
sonic and supersonic cases the flow is governed by the Helmholtz (elliptic) and Klein-Gordon (hyperbolic) equations,
respectively, and can be solved analytically in terms of Bessel functions, while in the transonic case the flow cannot
be linearised but, as prescribed by the oscillating thin-airfoil theory, it is governed by the nonlinear transonic small
perturbation equation (refer to equation (1.19) in Landahl14).
The explicit dependence of the three-dimensional part of the disturbance on the slow variable y¯ can be removed by
introducing the Prandtl transformation
yˆ = y −[˜δ( ¯ξ, ¯t)], ¯ξ = x¯ + iy¯,
where indicates the real part. The function ˜δ is suitably chosen to eliminate v¯0 from the governing equations for the
hat quantities.
In the case of a pair of free-stream modes the solution for the leading-order forcing components (vˆ0, wˆ0, p1) at y¯ → 0
can be found analytically (the reader is referred to Ricco et al.3 §2.1 for the detailed procedure) and must be matched
onto the large-η boundary-region expansion. The outer boundary conditions are shown in Appendix A.
4. Results
The parameters characterising the free-stream disturbance are: uˆ∞x,y,± = 1, uˆ∞z,± = ∓1, so that the velocity com-
ponents have the same amplitude. The other parameters are chosen as representative of typical supersonic wind
tunnel experiments (e.g. Graziosi & Brown15): M∞ = 3, U∗∞ = 612ms−1, ν∗∞ = 3.58 × 10−5m2s−1, T ∗∞ = 103.6K,
kx = 1.63 · 10−3, Rλ = 5400, κ = 0.335, Tu = 0.11%, rt = 2.12.
As shown in the linear analysis by Ricco & Wu2, free-stream disturbances of the hydrodynamic kind (i.e. convected
gusts) can trigger thermal fluctuations inside a compressible boundary layer. Figures 1a-1b show the profiles of the
spanwise-uniform time-averaged flow distortion of the streamwise velocity and temperature, i.e. the (0, 0) component,
and the harmonics with |m| = |n|.
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Fig. 1: Profiles of the streamwise velocity (left column) and temperature (right column) at x¯ = 1.5.
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The mean-flow distortion and the second harmonic give a significant contribution to the overall flow, while the
magnitude of the higher harmonics decreases so quickly that the third one becomes almost negligible. The mutual
interactions between (−1, 1) and (1, 1) generates additional components (−2, 0) and (0, 2), which are plotted in figures
1c-1d. Figures 1e-1f show the components (−3, 1) and (−1, 3) generated at the third order. The two curves have
amplitudes of the same order and present three or two peaks, while in the case with M∞ = 03 three-peak profiles are
not observed. The profiles of the temperature perturbation are similar to those of the streamwise velocity and evolve
in a similar manner, but the amplitude of the fluctuation is more than double, relatively to the free-stream values.
The nonlinear interactions inside the boundary layer generate time-averaged (m = 0) streaks of the streamwise velocity
and temperature, which will be referred to as ustr and τstr. They represent a time-averaged spanwise modulation of the
velocity and temperature which is superimposed onto the Blasius boundary layer. Mathematically they correspond to
the Fourier components (0,±n) with n = 0, 2, 4, .... The new time-averaged streamwise flow and mean temperature
can be expressed as:
UM = F′(η) + ustr(x¯, η, z), TM = T (η) + τstr(x¯, η, z), with qstr =
(Nz−1)/2∑
n=−(Nz−1)/2
qˆ0,n(x¯, η)einkzz,
where q can be either u or τ. Figure 2 shows the contours of the time-averaged streamwise velocity and temperature
streaks in the η− z plane at diﬀerent downstream locations. A positive value of the contours means that the mean flow
is higher than the local Blasius solution, while a negative value means that it is lower. Therefore, the area near the
wall is a region where the flow is accelerated and cooled, while it is decelerated and heated close to the free stream.
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Fig. 2: Contour of the time-averaged streamwise velocity streaks ustr (first row) and temperature streaks τstr (second
row) in η − z plane, at diﬀerent downstream locations: (a) x¯ = 0.5, (b) x¯ = 1.5, (c) x¯ = 2.0.
The eﬀect of Mach number is investigated by comparing the maximum root mean square (r.m.s.) of the streamwise
velocity and temperature fluctuations for diﬀerent M∞. The r.m.s. is defined as follows16:
qrms = rt
⎛⎜⎜⎜⎜⎜⎜⎝
(Nt−1)/2∑
m=−(Nt−1)/2
(Nz−1)/2∑
n=−(Nz−1)/2
|qˆm,n|2
⎞⎟⎟⎟⎟⎟⎟⎠
1/2
, m  0,
where q may indicate a velocity component or the temperature. The downstream development of the maximum (along
η) of qrms = qrms(x¯, η) is shown in figure 3 for diﬀerent Mach numbers. The free-stream parameters U∗∞, T ∗∞, c∗∞ and
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ν∗∞ are changed to obtain diﬀerent values of M∞, i.e. M∞ = 2, 3, 4, 6, while the other parameters are kept constant.
The Reynolds number Rλ remains constant, while kx changes because of diﬀerent U∗∞. Due to the variation of kx, the
physical streamwise coordinate x is diﬀerent for each curve at fixed x¯. The parameters are summarised in table 1.
M∞ U∗∞ ν∗∞ T ∗∞ Rλ kx κ Tu[%]  rt
[ms−1] [m2s−1] [K]
×105 ×10−3 ×10−4
2 508.9 2.98 161.1 5440 1.97 0.305 0.11 3.89 2.12
3 612 3.58 103.6 5440 1.63 0.335 0.11 3.89 2.12
4 666.3 3.9 69 5440 1.5 0.35 0.11 3.89 2.12
6 715.3 4.19 35.4 5440 1.39 0.363 0.11 3.89 2.12
Table 1: Properties of the convected gust used for the parametric study on the eﬀect of the Mach number.
The Mach number has a stabilizing eﬀect on the streamwise velocity as the disturbances are attenuated, while it
has an opposite eﬀect on the temperature fluctuations which are enhanced.
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Fig. 3: Evolution of the maximum r.m.s. of the (a) streamwise velocity and (b) temperature for diﬀerent M∞.
The eﬀect of the turbulence level Tu is shown in figure 4, where the peaks of the streamwise velocity and temper-
ature r.m.s. are compared with the correspondent linearised solutions for diﬀerent values of rt. All the free-stream
parameters are kept constant, except for Tu, which leads to diﬀerent values of  and rt, as shown in table 2.
M∞ U∗∞ ν∗∞ T ∗∞ Rλ kx κ Tu[%]  rt
[ms−1] [m2s−1] [K]
×105 ×10−3 ×10−4
3 612 3.58 103.6 5440 1.63 0.335 0.11 3.89 2.12
3 612 3.58 103.6 5440 1.63 0.335 0.23 8 4.35
3 612 3.58 103.6 5440 1.63 0.335 0.34 12 6.53
Table 2: Properties of the convected gust used for the parametric study on the eﬀect of the free-stream turbulence
intensity.
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Fig. 4: Evolution of the maximum r.m.s. of the (a) streamwise velocity and (b) temperature for diﬀerent turbulence
Reynolds number as indicated by the labels. Thick lines: nonlinear solutions, thin lines: linearised solution.
Suﬃciently upstream, the linear and nonlinear solutions overlap as the influence of nonlinearity is still weak. Due
to continued amplification of the disturbance, the streak signature becomes stronger and the linear and nonlinear
solutions start diverging. The eﬀect of the turbulence level is hardly detectable in the case of rt = 2.12, while in the
other two cases a stabilizing eﬀect of nonlinearity is observed on both the streamwise velocity and temperature. The
higher the turbulence level, the stronger the disturbance attenuation and the further upstream nonlinear eﬀects start
asserting their influence. In the case rt = 6.53 a peculiar behaviour of the nonlinear solution is detected, which is not
observed in the incompressible case: at x¯ ≈ 0.5 the nonlinear curve sharply deviates from the linear one and starts
decreasing, while the linear solution keeps increasing. The temperature profile shows a similar behaviour, but the
linear and nonlinear solutions start diverging further upstream, at x¯ ≈ 0.2. A strong stabilizing eﬀect of nonlinearity
is thus observed, which abruptly occurs at a fixed value of x¯. The latter corresponds to x∗ ≈ 10 cm, which is located
in the pre-transitional area of the plate (Graziosi & Brown15 used a 72-cm-long plate) and, therefore, this result is
relevant for the investigation of transition prediction and control. For instance, for fixed x¯ the physical location x∗
where the sharp deviation occurs varies with the streamwise wavenumber as x∗ = x¯/k∗x and, hence, the onset of this
stabilizing eﬀect of nonlinearity can be delayed or moved upstream.
The fact that nonlinear eﬀects are relevant for turbulence Reynolds number achievable with a relatively low turbulence
level accounts for the practical interest of this analysis in studying low-disturbance environments, such as free flight,
where acoustic disturbances are not at work.
5. Conclusions
In this paper the mathematical framework of the boundary-region equations has been employed to investigate the
nonlinear response of a compressible boundary layer to unsteady vortical fluctuations of the convected-gust type.
Kinematic and thermal streaks arise, which represent a time-averaged spanwise modulation of the velocity and tem-
perature superimposed onto the Blasius boundary layer. As in Ricco et al.3, nonlinearity is found to attenuate the
fluctuations of the streamwise velocity and a similar stabilizing eﬀect is detected on the temperature. An abrupt de-
parture of the nonlinear trend from the linear one is observed for a relatively low turbulence level, which accounts for
the applicability of this analysis to quiet environments such as free-flight conditions.
Near the wall, the new mean streamwise velocity is higher than the local Blasius value, while the temperature profile
exhibits a deficit with respect to the Blasius solution. At the edge of the boundary layer, instead, the flow is decelerated
and heated. The eﬀect of the free-stream Mach number is also investigated: as M∞ increases, the streamwise velocity
fluctuations are attenuated, while the temperature ones are enhanced.
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This study represents the first step towards the development of the secondary instability analysis on the new unsteady
three-dimensional flow generated by the nonlinear interactions. The secondary instability problem will include the
velocity and thermal streaks as the latter can significantly alter the streak instability in a compressible boundary layer.
The final aim of our work is the understanding and prediction of compressible bypass transition induced by free-
stream turbulence and the investigation of diﬀerent control methods for high-speed flows.
Finally, it should be pointed out that the present analysis can be extended to the more general case where the boundary
layer is forced by a continuous spectrum of free-stream vortical disturbances. This will render our approach able to
answer the central question of bypass transition studies - which is the establishment of a quantitative relation between
the free-stream turbulence level and the onset location of instabilities - as the incoming forcing, which is the cause of
transition, is fully and correctly described.
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Appendix A. Boundary region system
The nonlinear unsteady boundary region equations for the Fourier coeﬃcient read as:
Continuity equation
ηc
2x¯
(
T ′
T
uˆm,n −
∂uˆm,n
∂η
)
+
∂uˆm,n
∂x¯
− T
′
T 2
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1
T
∂vˆm,n
∂η
+ inwˆm,n −
(
im
T
+
FT ′
2x¯T 2
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y-Momentum equation
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z-Momentum equation
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Energy equation
− ηcT
′
2x¯
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+
T ′
T
vˆm,n +
[
im +
FT ′
2x¯T
− 1
2Prx¯
(
μ′T ′
T
)′
− M
2(γ − 1)μ′(F′′)2
2x¯T
+
μn2κ2T
Pr
]
τˆm,n
+ F′
∂τˆm,n
∂x¯
− 1
2x¯
(
F +
2μ′T ′
PrT
− μT
′
PrT 2
)
∂τˆm,n
∂η
− μ
2Prx¯T
∂2τˆm,n
∂η2
= rtT ˆEm,n,
where ˆCm,n, ˆXm,n ˆYm,n, ˆZm,n, ˆEm,n represent the nonlinear terms.
Outer boundary condition
In the limit as η→ ∞ the matching of the boundary-region solution with the outer flow requires:
(
uˆm,n, vˆm,n, wˆm,n, pˆm,n, τˆm,n
)→
(
0,
√
σ
2x¯
v†m,n, (kzσ) w†m,n,

kx
p†m,n, 0
)
,
for n  0 at x¯ = O(1), where σ = 1/ (kxRλ). The non-zero components of the outer-flow solution for y = O(1) are:
v†
m,±1 = kzc∞e
−σ(k2y+k2z )x¯
[
χˆme
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,
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,
where the asterisk indicates the complex conjugate, c∞ = 1/ky to set the normalised amplitude of the spanwise velocity
in the free stream to unity and χˆm, πˆm are given by:
ei
¯t+iky ˜δ(x¯,¯t) =
∑
m
χˆm(x¯)eim¯t, e2i¯t+2iky ˜δ(x¯,¯t) =
∑
m
πˆm(x¯)eim¯t at y¯ = 0.
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